We study the dynamics of the relative motion of satellites in the gravitational field of the Earth, including the effects of the bulge of the Earth (the J 2 effect). Using Routh reduction and dynamical systems ideas, a method is found that locates orbits such that the cluster of satellites remains close with very little dispersing, even with no controls. The use of controls in the context of this natural dynamics is studied to maintain and achieve precision formations.
Introduction
There have been a lot of interest in distributing the functions of a single large satellite among several small cooperative units. Many potential applications of this enabling technology exist, one of which is to improve the performance of Earth observation. A cluster of satellites will be able to synthesize a much larger aperture than can be contained within a single platform, thus providing significant increases in image resolution through interferometry. Sedwick, Kong and Miller [1998] used Clohessy-Wilshire equations as their starting model to find relative orbits about a reference spacecraft. A circular reference orbit and a spherical Earth (without J 2 effect) was assumed in their study. The equations of motion of the other spacecraft were linearized relative to the rotating frame of the reference spacecraft. They used these linear equations of motion to establish a large family of relative orbits. Their estimations showed that only a small amount of fuel was required if only the differential perturbations that tend to affect Feeling the need to take into consideration both the nonlinearity and the J 2 effect right from the start, Schaub and Afriend [1999] built on the work of Brouwer [1959] and found J 2 invariant relative orbits. Working with mean orbit elements, the secular drift of the longitude of the ascending node and the sum of the argument of perigee and mean anomaly were set equal between two neighboring orbits. By having both orbits drift at equal rates on the average, they would not pull apart over time due to the J 2 influence. Two first order conditions were established between the differences in momentum elements (semi-major axis, eccentricity and inclination angle) that guarantee that the drift rates of two neighboring orbits were equal on the average. Differences in the longitude of the ascending node, argument of perigee and initial mean anomaly could be set at will, as long as they were setup in mean element space.
Inspired by the work of Gómez, Masdemont and Simó [1997] and Barden and Howell [1999] in designing a ring formation near the Sun-Earth libration point, we have applied dynamical systems method to the near Earth case and found a family of candidate reference orbits whose nearby orbits support formation flight. Using Routh reduction and Poincaré map in studying the J 2 dynamics, a method is found that locates orbits such that the cluster of satellites remains close with very little dispersing, even with no controls. All this is done in the actual physical space.
We have also explored ways of maneuvering this cluster of satellites into tight formation (e.g. an equilateral triangle), maintaining it for awhile before retuning to cluster formation. We will explore the possibility of using optimal control to do the transferring between the cluster and the tight formations.
The Reduced Equations.
In spherical coordinates (ρ, φ, θ) , the potential energy including the J 2 effect is given by
where µ = GM e = 3.986005 × 10 14 m 3 /s 2 , R e = 6378140m and J 2 = 0.00108263.
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Following Broucke [1994] , we use the z-axis symmetry of the J 2 problem where the longitude variable φ is ignorable and the z component of the angular momentum is conserved to reduce the equations of motion into two second order equations with a Routhian function
where H z is the z component of the angular momentum.
In the rectangular coordinates (r, z) of the co-rotating meridian plane of the satellite, the Routhian function becomes
where ρ 2 = r 2 + z 2 and cos θ = z/ρ. The reduced equations are then given by
Hence, after a Routhian reduction, the equations of motion of the full system can be rewritten in the following formr
Notice also that the energy E given by
is the other integral of motion besides H z .
3 The Pseudo-circular Orbit and A Cluster of Micro-satellites.
Poincaré Maps. Since energy E is conserved, the constant energy surface for the reduced system is three dimensional and the hyperplane z = 0 can be used as the transversal plane to obtain the number of interesting bifurcations take place, especially around the critical inclination. However, since our main interest in this study is on formation flight, we will refer the readers who are interested in this bifurcation analysis to Bourcke [1994] .
Notice that each point (r,ṙ) of the Poincaré map gives the initial conditions (r, z, φ,ṙ,ż,φ) for an orbit of the full system. This is because z = 0 andż =ż(r,ṙ, 0, E, H z ) andφ = H z /r 2 can be computed from the fixed energy E and the fixed z-component of angular momentum H z once (r,ṙ) are known. Also, since φ is ignorable, it can be chosen arbitrary. For convenience sake, we can set φ = 0 at t = 0. Hence, (r,ṙ) (i.e., (r, 0, φ,ṙ, E, H z )) provides all the initial conditions for an orbit of the full system.
The Pseudo-Circular Orbit. By studying this Poincaré section and looking for the stable fixed point, we can find the psudo-circular orbit (which correspond to the fixed point on the Poincaré map) whose nearby orbits can be used for formation flight. Clearly, this fixed point correspond to a periodic orbit in the reduced system. But it also gives rise to a trajectory that is also periodic in some sense in the full system: modulo the precession in φ in a revolution around the earth, this trajectory repeats itself.
As pointed out in Broucke [1994] , this pseudo-circular orbit whose mean eccentricity is 0 is the central backbone of a whole set of solutions. All the other solutions are the quasi-periodic solutions which are elliptic orbits with precessing perigee locations. The perigee and apogee altitude of these elliptic orbits can be estimated by the two intersections of the invariant curve with the r-axis. These points being at approximately (a(1 − e), 0) and (a(1 + e), 0) where (a, 0) is the fixed point. Hence, the eccentricity e can also be estimated. Roughly speaking, the set of solutions is parametrized by the eccentricity. Notice that our units of time and length have been chosen in such a way that R e = 1 and µ = 1.
A Triangular Cluster near the Pseudo-Circular Orbit. By using the fixed point and the points nearby as well as making slight changes in φ (in the in-track direction), we can treat different kinds of cluster which will stay together after many-years-worth of revolutions. For example, if we fix E = −0.45, H 2 z = 0.3, the fixed point for the Poincaré section at z = 0 will be 1.11133496883 (about 710 km above the Earth). The following initial conditions will give a triangular cluster The evolution of these three satellites in a triangular cluster were plotted in a frame whose origin is at their instantaneous barycenter, with the yz-plane orthogonal to the line of sight, the x-axis pointing towards the center of the Earth, and the y-axis and the z-axis pointing towards the (instantaneous) west and north respectively. Figure 3 shows the trajectories of these three satellites in the yz-plane for 100 revolutions around the Earth (for about a week). Figure 4 shows the trajectories of the same satellites in the yz-plane for 5000 revolutions around the Earth (after about a year). Notice how small is the dispersion in a year. It measures only in meters. chosen with three main considerations in mind: (1) the three satellites have the same energy E, (2) they have the same z-component of the angular momentum H z and (3) they are near a pseudocircular orbit whose mean eccentricity e is 0.
Our Poincaré map method essentially ignores short period oscillations (within a single revolution around the Earth) but provides a global view of the long period growth and the secure growth caused by the J 2 perturbation. Its success can be explained by the same theory developed by Brouwer and was used in Schaub and Alfriend [1998] . Here, we will only sketch the basic approach.
In the mean orbital element space, the energy E can be approximated to the first order by
Here L, G (angular momentum) and H (its z component) is defined by
where a is semi-major axis, e is the eccentricity, i is the inclination and η = √ 1 − e 2 .
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The second condition means δH = 0. It can be shown that the first and third conditions imply that δL = o(J 2 δG) and δG = o(δη). Since δη is really small for any two orbits near a pseudo-circular orbit (in the order of 10 −11 in our example), the secular drift rate between them are essentially zero. Recall that the mean angle ratesl,ġ,ḣ for the mean anomaly, the argument of perigee and the longitude of ascending node are given bẏ
A straightforward computation will show thatδl,δg,δ h are nearly zero.
Transfer between Clusters and Tight Formations.
We have also explored ways of maneuvering this cluster of satellites into a tight formation (e.g.
an equilateral triangle), maintaining it for awhile before retuning them to the cluster formation. Figure 5 shows the total ∆V cost for one such transfer between a cluster and a tight formation.
Both the time and the cost of ∆V are in standard units. The maneuvers lasted about 24 revolutions around the Earth. In the first 8 revolutions, the three satellites were in a triangular cluster. Then a small δV pushed them into a tight equilateral triangular formation. It took a total of 4.8 m/s ∆V ((6 × 10 −4 ) × (7.9 × 10 3 )) to maintain them in this tight formation for about 8 revolutions.
Another small ∆V then returned them to the cluster formation.
In our numerical explorations, we found that it took 0.77 m/s ∆V per revolution for each satellite to maintain an equilateral (100 meters) triangular formation, with center at a pseudo-circular orbit, and with the triangle fixed in the yz-plane of the viewing frame that was used earlier. Assuming that each satellite carries 350 m/s ∆V , there are only enough fuel to maintain tight formation for about 30 days.
We would like to explore the possibility of using optimal control to do the transferring between the clusters and the tight formations. We expect that optimal control, together with a better understanding of the cluster's rotational dynamics, may yield better results. 
